Following Ghomi and Tabachnikov [3] we study the invariant N (M n ) defined as the smallest dimension N such that there exists a totally skew embedding of a smooth manifold M n in R N . This problem is naturally related to the question of estimating the geometric dimension of the stable normal bundle of the configuration space F 2 (M n ) of ordered pairs of distinct points in M n . We demonstrate that in a number of interesting cases the lower bounds on N (M n ) obtained by this method are quite accurate and very close to the best known general upper bound N (M n ) ≤ 4n + 1 established in [3] . We also provide some evidence for the conjecture that for every n-dimensional, compact smooth manifold M n (n > 1), N (M n ) ≤ 4n − 2α(n) + 1.
Introduction
Two lines in an affine space R N are called skew if they are neither parallel nor have a point in common or equivalently if their affine span has dimension 3. More generally, affine subspaces U 1 , . . . , U l of R N are called skew if their affine span has dimension dim(U 1 ) + · · · + dim(U l ) + l − 1, in particular a pair U, V of affine subspaces of R N is skew if and only if each two lines p ⊂ U and q ⊂ V are skew.
An embedding f : M n → R N of a smooth manifold is called totally skew if for each two distinct points x, y ∈ M n the affine subspaces df (T x M) and df (T y M) of R N are skew. Define N(M n ) as the minimum N such that there exists a totally skew embedding of M n into R N .
Ghomi and Tabachnikov began in [3] the study of totally skew embeddings of manifolds and established a surprising connection of N(M n ) with some classical invariants of geometry and topology. For example they showed [3, Theorem 1.4 ] that the problem of estimating N(R n ) is intimately related to the generalized vector field problem and the immersion problem for real projective spaces, as exemplified by the inequality N(R n ) ≥ r(n) + n where r(n) is the minimum r such that the Whitney sum rξ n−1 of r copies of the canonical line bundle over RP n−1 admits n + 1 linearly independent continuous crosssections.
Another example ([3, Theorem 1.2]) is the inequality
where m(n) is an equally well-known function defined as the minimum m such that there exists a non-singular, symmetric bilinear form B : R n+1 × R n+1 → R m . As a consequence they deduced the inequalities N(S n ) ≤ 3n+2 and N(S 2k+1 ) ≤ 3(2k+1)+1.
It appears that very little is known about the exact values of N(M).
Indeed, according to [3] , the only currently known exact values of this invariant are,
Finally for a general n-manifold M n Ghomi and Tabachnikov established upper and lower bounds 2n + 1 ≤ N(M n ) ≤ 4n + 1 (1) and showed that the lower bound can be improved to 2n + 2 if M n is a closed manifold.
In this paper we are interested in topological obstructions to totally skew embeddings of manifolds, in particular we address the problem of finding good lower bounds for N(M n ). We demonstrate that in many classes of manifolds there are examples where the upper bound 4n + 1 from (1) is very close to the actual value of N(M n ). For example N(RP n ) is by Proposition 5 one of the numbers 4n − 1, 4n, 4n + 1 if n = 2 k is a power of 2, in particular N(RP 2 ) is 7, 8, or 9. More generally, if M n = RP n 1 × · · · × RP n k is a product of real projective spaces and n i = 2 r i are different powers of 2, then (Theorem 7)
where α(n) is number of non-zero digits in the binary representation of n. A similar bound (Theorem 9)
In pursuit of other examples of manifolds where N(M n ) gets very close to the upper bound 4n + 1 we continue with the analysis of Grassmann manifolds G k (R n+k ) and their oriented counterpartsG k (R n+k ). For example (Theorems 11 and 14) we prove that N G 2 R 2 r +2 ≥ 4 · 2 r+1 − 3 and N(G 2 (R 2 r +2 )) ≥ 3 · 2 r+1 + 1. Similar inequalities can be expected for many other Grassmannians as illustrated by the inequalities
These results are in sharp contrast with the fact that very little is known about the exact values of the invariant N(M n ), for example the exact value of N(M 2 ) is not known for any closed surface M 2 . This and a sample of other open problems and conjectures can be found in the final section of the paper where we also offer a brief outlook to future research.
Possibly the most intriguing and attractive is the Conjecture 20 which, in analogy with the classical Immersion Conjecture [2] , predicts that for n > 1
2 Vector bundle decomposition
where π 1 , π 2 : F 2 (M) → M are the natural projections. Simplifying the notation let
is a totally skew embedding, then there arises a monomorphism of vector bundles
, maps the trivial line bundle ε 1 to L. In this case the trivial N-dimensional bundle ε N over F 2 (M) splits as
where ν is a (N −2n−1)-dimensional "normal" bundle. As a consequence ([7, Section 4]) we obtain the following proposition.
Proposition 1.
If the dual Stiefel-Whitney class
The cohomology of
We are interested in the (dual) Stiefel-Whitney classes (Proposition 1) so we tacitly assume that all cohomology has coefficients F 2 unless otherwise noted. By naturality, in order to check non-triviality of w k (T (F 2 (M))), it is sufficient to check that w k (M 2 ) is not in the image of the map α.
The image A := Image(α) of α is determined in [7, Theorem 11.11 ] (see also [1, Chapter VI, Section 12]). It is generated, as a H * (M)-module, by the "diagonal cohomology class"
where
is an additive basis of H * (M) and b 
However in light of [7, Lemma 11.8] , which says that if
these two actions have the same effect on u ′′ . As a consequence we obtain the following proposition.
The following proposition provides a simple and efficient criterion for testing if a class is in the image of the map α. Note that the condition k ≤ n − 1 is essential since
Proposition 3. Let M be a closed and smooth n-dimensional manifold. Let k ≤ n − 1 and assume that
is a non-zero class which is in the image of α then it must have as a component of bidegree (p, n) a non-zero "edge class" of the form a × z for some a ∈ H p (M), where z ∈ H n (M) is the fundamental cohomology class of M.
is the fundamental cohomology class of M then the diagonal class u ′′ has the following form
is in the image of α then we deduce from Proposition 2 that
where A = ax 1 × y 1 + · · · is a class whose homogeneous components are of bidegree (q, n + p − q) for some q > p, and the proposition follows.
Proof: It follows from the naturality of Stiefel-Whitney classes that
We observe that k ≤ n − 1. Indeed, each n-dimensional smooth manifold can be embedded in R 2n and w n (M) = 0 by [7, Corollary 11.4.] . Since k ≤ n − 1 we are allowed to use Proposition 3 which implies that
. From here and the exactness of the sequence (4) we finally deduce that w 2k (ν) = 0.
Real projective spaces
As a first application let us analyze the case when M = RP n is the n-dimensional real projective space.
The cohomology algebra
is a truncated polynomial ring with one generator t ∈ H 1 (RP n ).
The total Stiefel-Whitney class of
and the dual classes are
Suppose that n = 2 r is a power of 2. Then
It follows that
As a consequence of Corollary 4 we obtain that w 2n−2 (F 2 (RP n )) = 0 and deduce from Proposition 1 the following result.
N is a totally skew embedding and n = 2 r for some r then N ≥ 4n − 1.
It follows from Proposition 5 and the inequalities (1) that if n = 2 r is a power of 2 then N(RP n ) is 4n − 1, 4n or 4n + 1, in particular N(RP 2 ) is 7, 8 or 9.
Products of real projective spaces
Suppose that X = RP n 1 × · · · × RP n k is a product of real projective spaces where each
and its dual total class is w(X) = w(X) −1 . By assumption all integers n i are powers of 2, hence
and the dual class has the form
From here we deduce that w n−k = u
is non-zero and observe, by a reference to Proposition 3 and Corollary 4, that w 2n−2k (F 2 (X)) = 0. This fact allows us to use Proposition 1 which in turn implies the following theorem.
where α(n) is the number of non-zero digits in the binary representation of n.
Complex manifolds
In some cases, for example if M is a complex manifold, it may be convenient to use Pontryagin classes for estimating the invariant N(M). However, the inequalities obtained by the use of Pontryagin classes are in general not as sharp as the inequalities obtained with the aid of Stiefel-Whitney classes so we focus on the latter method.
Complex projective spaces
The cohomology of the complex projective space with Z coefficients is a truncated polynomial algebra so by the Universal Coefficient Theorem we have
where deg(t) = 2. Since the second Stiefel-Whitney class w 2 of any oriented 2-plane bundle is the mod 2 reduction of the Euler class, we observe that t = w 2 (ξ R ) = w 2 (ξ * R ) where ξ is the canonical complex line bundle over CP n and ξ R the underlying real 2-plane bundle.
The complex tangent bundle of the projective space CP n is
where ξ ⊥ is the complex n-plane bundle, complementary to the tautological complex line bundle ξ. Since Hom(ξ, ξ) ∼ = ε 1 C is a trivial complex line bundle, we conclude that
where ξ * is the line bundle dual to ξ. By forgetting the complex structure (realification) we obtain the isomorphism of real bundles
It follows that the total Stiefel-Whitney class of
where w 2 = w 2 (ξ R ) ∼ = w 2 (ξ * R ) = t is the second Stiefel-Whitney class of the realification of the canonical bundle ξ.
Consequently, the dual Stiefel-Whitney class is
We observe that the top class w 2n is always zero, which is an instance of a much more general result of Massey (Theorem 19
Products of complex projective spaces
Suppose that X = CP n 1 × · · · × CP n k . As in Section 5 we focus on the case when n i = 2 r i for some r i . As before n = (1/2)dim(X) = n 1 + · · · + n k . The cohomology ring of the space X with F 2 coefficients is
We have already observed in Section 6.1 that if n = 2 r then
It follows, as in Section 5, that the total dual Stiefel-Whitney class of T (X) has the form w(X) = (1 + u 1 + · · · + u
We conclude that w 2n−2k = u
is non-trivial, and as a consequence of Proposition 1 and Corollary 4 obtain the following estimate.
Theorem 9. Suppose that X = CP n 1 × · · · × CP n k where n i = 2 r i are powers of 2 and let n = dim C (X) = (1/2)dim R (X) = n 1 + · · · + n k . Then N(X) ≥ 8n − 4k + 1. In particular if all integers n i are distinct,
Grassmannians
We illustrate our method also for some cases of the Grassmann manifold G k (R n+k ) of k-dimensional subspaces of R n+k , and some cases of the oriented Grassmann manifold
Let γ k be the canonical vector bundle over X = G k (R n+k ), and τ the tangent bundle. Then from the relation τ ⊕ Hom(γ k , γ k ) ≃ (n + k)γ k we obtain
and σ 1 , ..., σ k are the elementary symmetric polynomials in variables x 1 , ..., x k , see [7, Problem 7C].
In the special case when k = 2 and k = 3, by a direct computation we check that w(γ 2 ⊗ γ * 2 ) = 1 + w Since w(γ k ) = 1 + w 1 + w 2 + · · · + w k , it follows that the total Stiefel-Whitney class of the complementary bundle to the tangent bundle τ equals
Completely analogous formulae are true in the case of the oriented Grassmann manifoldX =G k (R n+k ), the only difference being the vanishing of the first StiefelWhitney class, w 1 (γ k ) = 0.
First we treat the case k = 2 and n = 2 r , that is the case of the Grassmann manifold G 2 R 2 r +2 . We shall need the following lemma.
Lemma 10. The class w
is non-trivial.
Proof: Let us assume, to the contrary, that w = 0. Since the map
is an isomorphism by Poincaré duality, it follows that w 1 w are non-trivial classes in H 2 r+1 −2 G 2 R 2 r +2 . The first observation is a consequence of a result of Stong [11] about the height of w 1 , which is in this case ht(w 1 ) = 2 r+1 − 2. The second observation follows from the well-known fact that w n k is a non-trivial element in H kn (G k (R k+n )). Let us show that these two classes are different. We have
again by the same result of Stong. Since by the Wu formula Sq 1 (w 2 ) = w 1 w 2 (see [7, Problem 8A]), we have
So,
and w
satisfies the relations φ(w = 0, as we proved in the beginning of the proof. So, φ = 0. This is a contradiction, since 2 r+1 − 1 is odd and
∼ = Z/2 could be generated only by the element of the type
. So, our assumption is false, and we have w = 0.
Proof: The total Stiefel-Whitney class of the normal bundle of X = G 2 R 2 r +2 equals, by the equation (15),
It follows that w 2 r+1 −2 = w 
As an illustration of our methods in the case k > 2, we outline the computations in the particular case of the Grassmann manifold G 3 (R 7 ).
Theorem 12. N(G 3 (R 7 )) ≥ 43.
Proof: The cohomology of X = G 3 (R 7 ) is generated by the Stiefel-Whitney classes w 1 , w 2 , w 3 subject to the relation (1 + w 1 + w 2 + w 3 )(1 + w 1 + w 2 + w 3 + w 4 ) = 1. It follows that w 1 = w 1 , w 2 = w It requires a few more steps to show that the class w We already noticed that w 9 (X) = w Altogether, we conclude that N(G 3 (R 7 )) ≥ 24 + 1 + 18 = 43.
Let us add that in a similar way but more easily one obtains by the same method also:
For comparison we include an analysis of some cases where the manifold M is the Grassmannian of all oriented k-dimensional subspaces in R n+k .
Let us denote by p :
, and we know thatw 1 = 0. Sincew i = p * (w i ) = 0 implies w i = 0, the estimates obtained in this way for the oriented Grassmann manifold G k (R n+k ) cannot be better than those for G k (R n+k ). However, the cohomology ring of the oriented Grassmann manifold H * (G k (R n+k )) is more complicated, and it is more difficult to determine which Stiefel-Whitney classes are non-trivial in this case. Aside from triviality ofw 1 , we know that H * (G k (R n+k )) has some additional generators and some additional relations.
Let B k n = (w 1 ) be the principal ideal in H * (G 2 (R n+k )) generated by w 1 . In order to determine which Stiefel-Whitney classes are non-trivial in the oriented case, we use the calculations in H * (G k (R n+k )) and the Gysin exact sequence in cohomology (cf. [7, Theorem 12.4]),
From the exactness of this sequence we deduce that for a given Stiefel-Whitney class w Also, we easily check that in this case the polynomials p 2 and p 3 from the equation (14) reduce to the following,p 2 (w 2 ) = 1 andp 3 (w 2 ,w 3 ) = 1 +w 2 2 +w 2 3 . We now turn to the case k = 2. Let us determine the height of the classw 2 in
) we have (1 + w 1 + w 2 )(1 + w 1 + ... + w n ) = 1, and so
If as before B 2 n = (w 1 ) is the principal ideal in H * (G 2 (R n+2 )) generated by w 1 , then inductively, using the relations (19), we show that
n ), 2k ≤ n. Note that in dimensions ≤ n there are no polynomial relations among w 1 and w 2 .
Lemma 13. ht(w 2 ) = [
Proof: It is well known that ker p
= n, hence this class cannot be written as a multiple of w 1 (for in dimensions ≤ n there are no relations among w 1 and w 2 ). Thus w
∈ ker p * and sow
2 ) = 0. In order to show thatw ] and the Lemma follows.
Let us also notice that by the equation (15) and the fact thatp 2 = 1, the total Stiefel-Whitney class of the complementary normal bundle to the tangent bundle of the space X =G 2 (R n+2 ) equals
In the light of Lemma 13, we have 2 . Finally, we obtain
Proof: Substituting n = 2 r in the above considerations and using Lemma 13, we have 
Let us add that by the same methods one easily obtains N(
It is also seen from the proof that our method cannot give better lower bounds in all these cases.
Let us now prove the result corresponding to Theorem 12 in the case of the oriented Grassmannian.
Proof: In the cohomology of the oriented GrassmannianX =G 3 (R 7 ) we have In the previous subsection we showed that the class w 9 (X) = w is non-trivial, but it is trivial in the cohomology of the oriented Grassmannian. However, it can be shown (using the computations in H * (G 3 (R 7 ))) that the class w 8 (X) = w This conjecture, if true, would together with the bound N(R n ) ≥ 3n for n a power of 2 (obtained in [3] ), imply the lower bound N(R n ) ≥ 3n − α(n) + 1.
The well-known Immersion Conjecture, resolved positively by R. Cohen [2] in 1985, predicted that any compact smooth n-manifold for n > 1 can be immersed in R 2n−α(n) , where α(n) is the number of non-zero digits in the binary representation of n. The following result of Massey, which preceded Cohen's theorem by 15 years, played an important role by providing strong evidence in favor of the conjecture.
Theorem 19. (W.S. Massey, [6] ) Let M n be a smooth, compact n-dimensional manifold (n > 1). Then w j (M) = 0 for j > n − α(n).
Theorem 19 together with our Corollary 4 provides interesting initial evidence for the following bold conjecture.
Conjecture 20. For every n-dimensional, compact smooth manifold M n (n > 1),
If correct, Conjecture 20 would, together with Proposition 5 and Theorem 7, yield some exact computations of the invariant N(M n ). For example it would imply N(RP 2 ) = 7
and more generally the following result.
Conjecture 21. Suppose that n i = 2 r i (i = 1, ..., k) and assume that r i = r j for i = j. Let n = n 1 + · · · + n k ≥ 2. Then, N(RP n 1 × · · · × RP n k ) = 4n − 2α(n) + 1.
